We use the Krasnosel'skii fixed point theorem to obtain the sufficient conditions of the existence of two positive solutions for the boundary value problem of fractional difference equations depending on parameters. MSC: 26A33; 39A05; 39A12
Introduction
In this paper, we consider the boundary value problems of fractional difference equations depending on parameters of the form - functions. We point out that fractional difference equations have been extensively studied in recent years. Systems of discrete fractional boundary value problems are also popular. In [] , the authors discussed the existence of positive solutions for coupled systems of nonlinear fractional difference equations:
u() = βu(η), u(N) = αu(η), ν() = βν(η), ν(N) = αν(η),
where η ∈ {, . . . , N -}, n ∈ {, . . . , N -}, N ≥ , α, β, λ, μ > . In [], Goodrich studied the following pair of discrete fractional boundary value problems:
-ν  y  (t) = λ  a  (t + ν  -)f  y  (t + ν  -), y  (t + ν  -) , -ν  y  (t) = λ  a  (t + ν  -)f  y  (t + ν  -), y  (t + ν  -) , ©2013 Kang et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2013/1/376
Goodrich obtained the existence of at least one positive solution to this problem by means of the Krasnosel'skii theorem for cones. We shall deduce the existence of at least two positive solutions to problem (.)-(.) in this paper. These results extend the results of [] . The paper is organized as follows. In Section , we present basic definitions and demonstrate some lemmas in order to prove our main results. In Section , we establish some results for the existence of at least two solutions to problem (.)-(.), and we present an example to illustrate our main results.
Preliminaries
For the convenience of the reader, we give some definitions and fundamental facts of the discrete fractional calculus, which can be found in [-] and their references.
Definition . [] We define
for any t and ν, for which the right-hand side is defined. We also appeal to the convention that if t +  -ν is a pole of the gamma function and t +  is not a pole, then t (ν) = .
Definition . []
The νth fractional sum of a function f defined on the set N a := {a, a + , . . .}, for ν > , is defined to be
where t ∈ {a + ν, a + ν + , . . .} =: N a+ν . We also define the νth fractional difference for ν >  by
where t ∈ N a+ν and  ≤ N - < ν ≤ N .
Lemma . []
Let t and ν be any numbers for which t (ν) and t (ν-) are defined. Then
for some c i ∈ R, with  ≤ i ≤ N . http://www.advancesindifferenceequations.com/content/2013/1/376
is given by
where
First of all, we let B j represent the Banach space of all maps from [ν j -, . . . , ν j + b] N ν j - into R when equipped with the usual maximum norm · . Then, we put χ := B  × B  × · · · × B n . By equipping χ with the norm (y  , . . . , y n ) = y  + · · · + y n , it follows that (χ , · ) is a Banach space. Now consider the operator S : χ → χ defined by
where we define S j : χ → B j by
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) if and only if y(t) is a fixed point of S.
Proof From Lemma ., we find that a general solution to problem (.)-(.) is
From boundary condition (.), we get
On the other hand, applying boundary condition (.) to y j (t) implies that
Finally, we can get that
The opposite direction is obvious, so it is omitted. Consequently, we get that y j (t) is a solution of (.)-(.) if and only if (y  , . . . , y n ) ∈ χ is a fixed point of S, as desired.
On the other hand, the function
Proof Note that for every
So, the first claim about α j (t j ) holds. On the other hand,
It follows that
It may be shown in a similar way that β j (t) satisfies the properties given in the statement of this lemma. We omit the details. 
Corollary 
Let I j = [ b+ν j  , (b+ν j )  ]. There are constants M α j , M β j ∈ (, ) such that min t j ∈I j α j (t j ) = M α j α j , min t j ∈I j β j (t j ) = M β j β j for j = , , . . . , n,T : P ∩ (S  \ S  ) → P is a completely continuous operator. If either () Tu ≤ u , u ∈ P ∩ ∂S  , Tu ≥ u , u ∈ P ∩ ∂S  ; or () Tu ≥ u , u ∈ P ∩ ∂S  , Tu ≤ u , u ∈ P ∩ ∂S  .
Then T has a fixed point in P ∩ (S  \ S  ).

Main results
In this section, we present the theorems for the existence of at least two positive solutions to problem (.)-(.). In the sequel, we let
We now present the conditions that we presume in the sequel.
The functionals ψ j , φ j are linear. In particular, we assume that
and in addition
, and φ j (β j ) is nonnegative for j = , . . . , n.
]. In the sequel, we shall also make use of the cone
where γ ∈ (, ) is a constant defined by
where M α j , M β j come from Corollary  and γ j is associated by Lemma .(iii) to G j (t j , s), j = , , . . . , n.
Lemma . Let S be the operator defined as in (.). Then S : κ → κ.
Proof By means of (G  ), we get
By assumptions (G  ) and (G  ) together with the nonnegativity of f j (y  , . . . , y n ) and the fact that (y  , . . . , y n ) ∈ χ , we can get ψ j (S j (y  , . . . , y n )) ≥ . By means of the same method,
On the other hand, we show that
for (y  , . . . , y n ) ∈ χ . In fact, by Lemma .(iii), we have
Finally, by the definitions S j (j = , , . . . , n), it is clear that
So, we conclude that S : κ → κ. This completes the proof.
Lemma . Suppose that conditions (G  )-(G  ) hold, and there exist two different positive numbers r
Then the operator S has a fixed point (y  , . . . , y n ) ∈ κ such that r  ≤ (y  , . . . , y n ) ≤ r  .
Proof Let κ ξ = {(y  , . . . , y n ) ∈ κ, (y  , . . . , y n ) < ξ }. Then, for any (y  , . . . , y n ) ∈ κ and (y  , . . . , y n ) = r  , we have 
